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Abstract: We consider various models of three-dimensional gravity with torsion or
nonmetricity (metric affine gravity), and show that they can be written as Chern-
Simons theories with suitable gauge groups. Using the groups ISO(2, 1), SL(2,C) or
SL(2,R) × SL(2,R), and the fact that they admit two independent coupling constants,
we obtain the Mielke-Baekler model for zero, positive or negative effective cosmological
constant respectively. Choosing SO(3, 2) as gauge group, one gets a generalization of
conformal gravity that has zero torsion and only the trace part of the nonmetricity.
This characterizes a Weyl structure. Finally, we present a new topological model of
metric affine gravity in three dimensions arising from an SL(4,R) Chern-Simons theory.
Keywords: Chern-Simons Theories, Models of Quantum Gravity, Differential
Geometry.
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1. Introduction
General relativity in four spacetime dimensions is a notoriously difficult theory, already
at the classical and in particular at the quantum level. This is one of the main reasons
why people are interested in simpler models that nevertheless retain almost all of the
essential features of four-dimensional general relativity. One such model is pure gravity
in 2+1 dimensions, with or without cosmological constant. This theory has been studied
extensively in the past, in particular by Deser, Jackiw and ‘t Hooft [1, 2]. The most
famous example where we learned something on general relativity by considering a
simpler toy model is perhaps the BTZ black hole [3], whose study revealed a lot on the
quantum structure and the statistical mechanics of black holes (for a review cf. [4]).
Major progress in 2+1 dimensional gravity came when Achu´carro and Townsend
[5] and Witten [6] showed that these systems can be written as Chern-Simons (CS)
theories, with gauge group ISO(2, 1), SL(2,C) or SL(2,R) × SL(2,R) for zero, positive
or negative cosmological constant respectively. In trying to write down a CS action for
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the Poincare´ group, one encounters the problem that ISO(2, 1) is not semisimple, and
therefore the Killing form is degenerate. As noted by Witten [6], the Poincare´ algebra
admits nevertheless a nondegenerate, Ad-invariant bilinear form given by
〈Ja , Pb〉 = ηab , 〈Ja , Jb〉 = λ ηab , 〈Pa , Pb〉 = 0 , (1.1)
where Ja and Pa denote the Lorentz and translation generators, and λ is an arbi-
trary real constant. Mathematically, the existence of an Ad-invariant, nondegenerate
quadratic form on the Poincare´ algebra follows from the fact that iso(2, 1) is the double
extension of a reductive Lie algebra (in this case the trivial algebra): Let A be a reduc-
tive Lie algebra, i. e. , a direct sum of a semisimple and an abelian algebra. A admits
an invariant nondegenerate bilinear form Ωij , whose restriction to the semisimple part
is simply given by the Killing form, and the restriction to the abelian subalgebra is
proportional to the identity. The generators τi of A satisfy
[τi, τj ] = fij
kτk .
The double extension of A is obtained by adding the new generators Ha and H∗b¯ such
that
[τi, τj] = fij
kτk + hij
a¯H∗a¯ ,
[Ha, τi] = hai
jτj ,
[Ha, Hb] = gab
cHc , (1.2)
[Ha, H
∗
b¯
] = gab¯
c¯H∗c¯ ,
[τi, H
∗
a¯ ] = [H
∗
a¯ , H
∗
b¯ ] = 0 ,
where hai
jΩjk = hik
a¯δa¯a. If furthermore gab
c = gab¯
c¯, there exists an Ad-invariant,
nondegenerate quadratic form on the double extension of A, given by [7]
ΩIJ =

Ωij 0 00 λab δab¯
0 δa¯b 0

 , (1.3)
where I = i, a, a¯, and λab denotes any invariant quadratic form on the algebra generated
by the Ha. If the algebra A is trivial (no generators τi), (1.2) has exactly the structure
of the Poincare´ algebra
[Ja, Jb] = ǫab
cJc , [Ja, Pb] = ǫab
cPc , [Pa, Pb] = 0 , (1.4)
if we identify the generators Ha with Ja and H
∗
b¯
with Pb. The invariant quadratic form
(1.3) reduces then to (1.1). Retaining a nonvanishing λ in a CS formulation of three-
dimensional gravity leads to the inclusion of a gravitational Chern-Simons action (i. e. ,
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a CS term for the spin connection) [6]. This does not change the classical equations of
motion, but leads to modifications at the quantum level [6].
One can now try to depart from pure gravity, rendering thus the model less trivial,
while maintaining at the same time its integrability. A possible way to introduce ad-
ditional structure is to permit nonvanishing torsion and/or nonmetricity (metric affine
gravity) [8]. We would like to do this in such a way that the resulting model can still be
written as a CS theory for some gauge group. There are several reasons that motivate
the introduction of torsion or nonmetricity. Let us mention here only a few of them. For
a more detailed account we refer to [8]. First of all, nonmetricity is a measure for the
violation of local Lorentz invariance [8], which has become fashionable during the last
years. Second, the geometrical concepts of nonmetricity and torsion have applications
in the theory of defects in crystals, where they are interpreted as densities of point de-
fects and line defects (dislocations) respectively, cf. [9] and references therein. Finally,
nonmetric connections or connections with torsion are interesting from a mathematical
point of view. For example, a torsionless connection that has only the trace part of
the nonmetricity characterizes a so-called Weyl structure. If, moreover, the symmet-
ric part of the Ricci tensor is proportional to the metric, one has an Einstein-Weyl
structure (cf. e. g. [10]). Einstein-Weyl manifolds represent the analogue of Einstein
spaces in Weyl geometry, and are less trivial than the latter, which have necessarily
constant curvature in three dimensions. Einstein-Weyl structures are interesting also
due to their relationship to certain integrable systems, like the SU(∞) Toda [11] or the
dispersionless Kadomtsev-Petviashvili equation [10].
In this paper, we consider various models of three-dimensional metric-affine gravity and
show that they can be written as CS theories. This is accomplished either by using
gauge groups larger than ISO(2, 1), SL(2,C) or SL(2,R) × SL(2,R), or by using the
fact that these groups admit two independent coupling constants, as was explained
above for the case of the Poincare´ group.
The remainder of our paper is organized as follows: In the next section, we briefly
summarize the basic notions of metric affine gravity. In section 3, we show that the
Mielke-Baekler model, which is characterized by nonvanishing torsion and zero non-
metricity, can be written as a CS theory for arbitrary values of the effective cosmolog-
ical constant. In section 4, a CS action for the conformal group SO(3, 2) is considered,
and it is shown that this leads to a generalization of conformal gravity with a Weyl
connection. Finally, in section 5, we propose a topological model of metric affine gravity
based on an SL(4,R) CS theory and discuss some of its solutions. In the last section
we summarize the results and draw some conclusions.
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2. Metric affine gravity
In order to render this paper self-contained, we summarize briefly the basic notions of
metric affine gravity. For a detailed review see [8].
The standard geometric setup of Einstein’s general relativity is a differential ma-
nifold M, of dimension D, endowed with a metric g and a Levi-Civita connection ∇˜,
which is uniquely determined by the requirements of metricity (∇˜g = 0) and vanishing
torsion. This structure is known as a semi-Riemannian space (M, g).
One can now consider more complicated non-Riemannian geometries, where a new
generic connection ∇ is introduced on TM which is, in general, independent of the
metric. In this way one defines a new mathematical structure called a metric-affine
space (M, g,∇).
One can measure the deviation from the standard geometric setup by computing
the difference (∇− ∇˜)v between the action of the two connections on a vector field v
defined on TM. To be more specific one can choose a chart, so that the action of the
connection is described by its coefficients,1
∇µvν = ∂µvν + Γνµλvλ , (2.1)
and the deviation can be written as
(∇µ − ∇˜µ)vν = Nνµλvλ . (2.2)
The tensor
Nλµν = Γ
λ
µν − Γ˜λµν (2.3)
is called distortion and measures the deviation of ∇ from the Levi-Civita connection.
This object can be decomposed in different parts, depending essentially on two quan-
tities: the torsion and the nonmetricity.
The torsion tensor T a is defined by the first Cartan structure equation
T a ≡ dea + ωab ∧ eb , (2.4)
where ωab is the spin connection acting on (flat) tangent space indices a, b, . . ., and
ea denotes the vielbein satisfying eaµe
b
νg
µν = ηab, with ηab the flat Minkowski metric.
A priori, ωab is independent of the connection coefficients Γ
λ
µν . Both objects become
dependent of each other by the tetrad postulate
∇µeaν = 0 , (2.5)
1The connection coefficients for the Levi-Civita connection are called Christoffel symbols and are
denoted by Γ˜νµλ.
– 4 –
implying
ωaµ b = e
a
λΓ
λ
µρ eb
ρ − ebλ∂µeaλ , (2.6)
so that the spin connection ωaµ b is the gauge transform of Γ
λ
µρ with transformation
matrix eaλ.
For nonvanishing torsion, the connection coefficients are no more symmetric in
their lower indices, as can be seen from
0 = 2∇[µeaν] =
(
∂µe
a
ν − ∂νeaµ + ωaµ bebν − ωaν bebµ
)− 2Γλ[µν]eaλ , (2.7)
which yields
T λµν ≡ eaλT aµν = 2Γλ[µν] , (2.8)
or, equivalently,
T λµν = 2N
λ
[µν] , (2.9)
since the Levi-Civita connection has zero torsion, Γ˜λ[µν] = 0.
The nonmetricity Q is a tensor which measures the failure of the metric to be
covariantly constant,
Qλµν ≡ −∇µgνλ . (2.10)
Using ∇˜g = 0 and the definition (2.3), one gets
Qλµν = Nλµν +Nνµλ , (2.11)
where Nλµν = gλσN
σ
µν . For nonzero nonmetricity, the spin connection ω
ab is no more
antisymmetric in a, b: By computing the covariant derivative ∇µηab one obtains Qabµ =
2ω
(ab)
µ , with Qabµ ≡ eaρebλQρµλ. This means that the spin connection takes values in
gl(D,R) instead of the Lorentz algebra so(D − 1, 1).
Notice that in presence of nonmetricity, the scalar product of two vectors u, v can
change when u, v are parallel transported along a curve. Let t be the tangent vector
of an infinitesimal curve c. The variation of the scalar product is then given by
δg(u, v) = ∇t(gµνuµvν) = −Qµλνtλuµvν . (2.12)
Physically, this states that if we enlarge the Lorentz group, the interval is not any
longer an invariant and in fact, for generic nonmetricity, the very concept of light cone
is lost.
The two tensors T and Q uniquely determine the distortion and, as a result, the
connection. This can also be seen by counting the degrees of freedom: the distortion
is a generic tensor with three indices, so it has D3 independent components. The
torsion and the non-metricity, due to their symmetry properties, have respectively
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D2(D− 1)/2 and D2(D + 1)/2 independent components; their sum gives precisely the
expected number of degrees of freedom. To obtain the distortion in terms of torsion and
nonmetricity one has to solve the equations (2.9) and (2.11). Considering all possible
permutations one obtains
Nλµν =
1
2
(Tνλµ − Tλνµ − Tµνλ) + 1
2
(Qλµν +Qλνµ −Qµλν) , (2.13)
which is the expected decomposition of the distortion. The Levi-Civita connection is
obtained setting T a = 0 and Qab = 0. The combination
Kνλµ =
1
2
(Tνλµ − Tλνµ − Tµνλ) , (2.14)
which is antisymmetric in the first two indices, is also called contorsion.
Note that in metric affine gravity, the local symmetry group is the affine group
A(D,R) ∼= GL(D,R) ⋉ RD instead of the Poincare´ group ISO(D−1, 1). The associated
gauge fields are ωab and ea. In what follows, we shall specialize to the case D = 3.
3. The Mielke-Baekler model as a Chern-Simons theory
Let us first consider the case of Riemann-Cartan spacetimes, characterized by vanishing
nonmetricity, but nonzero torsion. A simple three-dimensional model that yields non-
vanishing torsion was proposed by Mielke and Baekler (MB) [12] and further analyzed
by Baekler, Mielke and Hehl [13]. The action reads [12]
I = aI1 + ΛI2 + α3I3 + α4I4 , (3.1)
where a, Λ, α3 and α4 are constants,
I1 = 2
∫
ea ∧ Ra ,
I2 = −1
3
∫
ǫabce
a ∧ eb ∧ ec ,
I3 =
∫
ωa ∧ dωa + 1
3
ǫabcω
a ∧ ωb ∧ ωc ,
I4 =
∫
ea ∧ T a ,
and
Ra = dωa +
1
2
ǫabc ω
b ∧ ωc ,
T a = dea + ǫabc ω
b ∧ ec ,
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denote the curvature and torsion two-forms respectively. ωa is defined by ωa = 1
2
ǫabcωbc
with ǫ012 = 1. I1 yields the Einstein-Hilbert action, I2 a cosmological constant, I3 is a
Chern-Simons term for the connection, and I4 represents a translational Chern-Simons
term. Note that, in order to obtain the topologically massive gravity of Deser, Jackiw
and Templeton (DJT) [14] from (3.1), one has to add a Lagrange multiplier term that
ensures vanishing torsion. The field equations following from (3.1) take the form
2aRa − Λǫabc eb ∧ ec + 2α4T a = 0 ,
2aT a + 2α3R
a + α4ǫ
a
bc e
b ∧ ec = 0 .
In what follows, we assume α3α4 − a2 6= 02. Then the equations of motion can be
rewritten as
2T a = Aǫabc e
b ∧ ec , 2Ra = Bǫabc eb ∧ ec , (3.2)
where
A =
α3Λ+ α4a
α3α4 − a2 , B = −
aΛ + α24
α3α4 − a2 .
Thus, the field configurations are characterized by constant curvature and constant
torsion. The curvature Ra of a Riemann-Cartan spacetime can be expressed in terms
of its Riemannian part R˜a and the contorsion one-form Ka by
Ra = R˜a − dKa − ǫabc ωb ∧Kc − 1
2
ǫabcK
b ∧Kc , (3.3)
where Kaµ =
1
2
ǫabc e
bβecγKβγµ, and Kβγµ denotes the contorsion tensor given by (2.14).
Using the equations of motion (3.2) in (3.3), one gets for the Riemannian part
2R˜a = Λeffǫ
a
bc e
b ∧ ec , (3.4)
with the effective cosmological constant
Λeff = B − A
2
4
.
This means that the metric is given by the (anti-)de Sitter or Minkowski solution,
depending on whether Λeff is negative, positive or zero. It is interesting to note that
Λeff can be nonvanishing even if the bare cosmological constant Λ is zero [13]. In this
simple model, dark energy (i. e. , Λeff) would then be generated by the translational
Chern-Simons term I4.
In [15] it was shown that for Λeff < 0, the Mielke-Baekler model (3.1) can be
written as a sum of two SL(2,R) Chern-Simons theories. We will now shew that this
2For α3α4 − a2 = 0 the theory becomes singular [13].
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can be generalized to the case of arbitrary effective cosmological constant. For positive
Λeff , the action I becomes a sum of two SL(2,C) Chern-Simons theories with complex
coupling constants, whereas for vanishing Λeff , I can be written as CS theory for the
Poincare´ group.
To start with, we briefly summarize the results of [15]. For Λeff < 0 the geometry
is locally AdS3, which has the isometry group SO(2, 2) ∼= SL(2,R)× SL(2,R), so if the
MB model is equivalent to a Chern-Simons theory, one expects a gauge group SO(2, 2).
Indeed, if one defines the SL(2,R) connections
Aa = ωa + q ea , A˜a = ωa + q˜ ea ,
then the SL(2,R)× SL(2,R) Chern-Simons action3
ICS =
t
8π
∫
〈A ∧ dA+ 2
3
A ∧ A ∧ A〉+ t˜
8π
∫
〈A˜ ∧ dA˜+ 2
3
A˜ ∧ A˜ ∧ A˜〉 (3.5)
coincides (up to boundary terms) with I in (3.1), if the parameters q, q˜ and the coupling
constants t, t˜ are given by
q = −A
2
+
√
−Λeff , q˜ = −A
2
−
√
−Λeff (3.6)
and
t
2π
= 2α3 +
2a+ α3A√−Λeff
,
t˜
2π
= 2α3 − 2a+ α3A√−Λeff
. (3.7)
We see that q, q˜, and thus the connections Aa, A˜a are real for negative Λeff . The coupling
constants t, t˜ are also real, but in general different from each other due to the presence
of I3.
For Λeff > 0, q and q˜ become complex, with q˜ = q¯ and thus A˜
a = A¯a. As the con-
nections are no more real, we must consider the complexification SL(2,C) of SL(2,R).
Then (3.5) becomes a sum of two SL(2,C) Chern-Simons actions, with complex cou-
pling constants t, t˜, where t˜ = t¯. Again, (3.5) is equal (modulo boundary terms) to the
Mielke-Baekler action (3.1). This makes of course sense, since the isometry group of
three-dimensional de Sitter space is SO(3, 1) ∼= SL(2,C). The usual CS formulation of
dS3 gravity [6] is recovered for α3 = α4 = 0.
The real part of t, i. e. , up to prefactors, α3, is subject to a topological quantization
condition coming from the maximal compact subgroup SU(2) of SL(2,C) [16]. As t˜ = t¯,
the action (3.5) leads to a unitary quantum field theory [16].
3In (3.5), 〈τa , τb〉 = 2Tr (τaτb) = ηab, and the SL(2,R) generators τa satisfy [τa, τb] = ǫabcτc.
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Finally, we come to the case of vanishing Λeff . The condition B−A2/4 = 0 implies
that Λ can be expressed in terms of the other parameters according to
Λ =
2a3 − 3aα3α4 ± 2 (a2 − α3α4) 32
α23
. (3.8)
As we want Λ to be real, we assume a2 − α3α4 > 0. Let us consider the CS action
ICS =
k
4π
∫
〈A ∧ dA+ 2
3
A ∧ A ∧ A〉 , (3.9)
where A denotes an iso(2, 1) valued connection, and the quadratic form on the Poincare´
algebra is given by (1.1). According to what was said in the introduction, this (non-
degenerate) bilinear form is Ad-invariant for any value of the parameter λ. If we
decompose the connection as
A = eaPa + (ω
a + γea)Ja , (3.10)
then the CS action (3.9) coincides, up to boundary terms, with (3.1) (where now Λ is
not independent, but determined by (3.8)), if the constants k, λ and γ are chosen as
k
4π
= ∓
√
a2 − α3α4 , λ = ∓ α3√
a2 − α3α4
, γ =
a±√a2 − α3α4
α3
. (3.11)
In conclusion, we have shown that the Mielke-Baekler model can be written as a Chern-
Simons theory for any value of the effective cosmological constant Λeff , whose sign
determines the gauge group. This was accomplished by a nonstandard decomposition
of the CS connection in terms of the dreibein and the spin connection, and by using
the fact that the considered gauge groups admit two independent coupling constants.
As the CS connection is flat, and thus entirely determined by holonomies, there are no
propagating local degrees of freedom; hence there cannot be any gravitons in the MB
model, contrary to the claim in [13].
It would be interesting to study the asymptotic dynamics of the Mielke-Baekler
model in the case Λeff < 0, where the spacetime is locally AdS3. According to the
AdS/CFT correspondence [17], (3.1) should then be equivalent to a two-dimensional
conformal field theory on the boundary of AdS3, where the bulk fields e
a and ωa are
sources for the CFT energy-momentum current and spin current respectively. It was
claimed in [15] that in general the putative CFT has two different central charges.
(Unlike the case α3 = α4 = 0, a = 1/16πG, Λ = −1/l2, where cL = cR = 3l/2G [18]).
It would be interesting to compute these central charges explicitely, and to see whether
the entropy of the Riemann-Cartan black hole [19] (which represents a generalization
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of the BTZ black hole with torsion) can be reproduced by counting CFT states using
the Cardy formula. Similar to [20], one expects the action (3.5) to reduce to a sum of
two chiral WZNW actions on the conformal spacetime boundary. For α3 = α4 = 0,
these two chiral actions combine into a single nonchiral WZNW model [20]. As the
two SL(2,R) CS actions in (3.5) have different coupling constants, it might be that in
the general case this is no more true, and one is left with a sum of two chiral WZNW
models that have different central charges. It remains to be seen how this reduction
works in detail.
4. Weyl structures from Chern-Simons theory
In this section we will show how to get Weyl structures, which are characterized by
torsion-free connections that involve only the trace part of the nonmetricity, from
Chern-Simons theory. To start with, let us consider conformal gravity in three di-
mensions, defined by the action [14]
I =
∫ (
ωab ∧ dωba + 2
3
ωab ∧ ωbc ∧ ωca
)
. (4.1)
Here, ω denotes an so(2, 1) valued (and hence metric) connection, which is not a fun-
damental variable, but is considered as a function of the dreibein, as is required by
vanishing torsion. Therefore, variation of (4.1) leads to third order differential equa-
tions, namely [14]
Cµν ≡ 1√−g ǫ
µαβ∇αLνβ = 0 , (4.2)
where Lµν denotes the Schouten tensor defined by
Lµν = Rµν − 1
4
Rgµν . (4.3)
Cµν is known as Cotton-York tensor4. It has zero trace, reflecting the conformal in-
variance of (4.1). In three dimensions, the Cotton-York tensor takes the role of the
Weyl tensor (which is identically zero in 3d). Cµν vanishes if and only if spacetime is
conformally flat [22]. (4.1) is sometimes called the gravitational Chern-Simons action.
Its supersymmetric extension was obtained in [23]. The dimensional reduction of the
action (4.1), studied in [24], has recently been shown to describe a subsector of BPS
solutions to gauged supergravity in four dimensions [25].
Originally, the gravitational Chern-Simons action was introduced by Deser, Jackiw
and Templeton in order to render three-dimensional Einstein gravity nontrivial: If one
4Cµρν = ∇µLνρ −∇ρLνµ is called the Cotton two-form. See [21] for a nice review.
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adds (4.1) to the Einstein-Hilbert action, the theory acquires a propagating, massive,
spin 2 degree of freedom [14].
Horne and Witten showed that conformal gravity in three dimensions with action
(4.1) can be written as a Chern-Simons theory for the conformal group SO(3, 2) [26].
To this end, they decomposed the SO(3, 2) connection A according to
Aµ = e
a
µPa − 1
2
ωabµ Jab + λ
a
µKa + φµD , (4.4)
where Pa, Jab, Ka, D denote respectively the generators of translations, Lorentz trans-
formations, special conformal transformations and dilations. The Chern-Simons action
for A leads then to the equations of motion [26]
dea + ωab ∧ eb − φ ∧ ea = 0 , (4.5)
dωab + ωac ∧ ωcb − ea ∧ λb + eb ∧ λa = 0 , (4.6)
dλa + ωab ∧ λb + φ ∧ λa = 0 , (4.7)
dφ+ ea ∧ λa = 0 . (4.8)
The generator of an infinitesimal gauge transformation is
u = ρaPa − 1
2
τabJab + σ
aKa + γD .
The transformation law δA = −du− [A, u] leads then to
δea = −dρa − ωabρb + ebτab − eaγ + φρa ,
δωab = −dτab − ωacτ cb + ωbcτ ca + eaσb − ebσa + λaρb − λbρa ,
δλa = −dσa − ωabσb + λbτab + λaγ − φσa ,
δφ = −dγ − eaσa + λaρa . (4.9)
Horne and Witten noticed that when the vielbein eaµ is invertible, the σ
a gauge invari-
ance is precisely sufficient to set φ = 0. With the gauge choice φ = 0, the equations of
motion simplify considerably. (4.5) implies then that the torsion vanishes. If we define
λµν = eaµλ
a
ν , eq. (4.8) means that λµν is symmetric, whereas (4.6) leads to
λµν = Rµν − R
4
gµν = Lµν , (4.10)
so that λµν represents the Schouten tensor. It is interesting to note that in this context,
the Schouten tensor, which physically corresponds to a curvature, is at the same time
a connection, namely the gauge field of special conformal transformations. Eq. (4.6) is
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then precisely the expression for the Riemann curvature tensor in terms of the Schouten
tensor,
Rµνρσ = gµρLνσ + gνσLµρ − gµσLνρ − gνρLµσ ,
valid in three dimensions. Finally, one has to interpret (4.7). To this end, one defines
the connection coefficients Γµνρ by requiring (2.5), which implies
Γµνρ = ea
µωaνb e
b
ρ + ea
µ∂νe
a
ρ .
Eq. (4.7) is then equivalent to
∇µLνρ −∇ρLνµ = 0 , (4.11)
which coincides with the equation of motion (4.2) following from the action (4.1). In
the gauge φ = 0, the gauge theory of the conformal group with Chern-Simons action
is therefore equivalent to conformal gravity.
We can now ask what happens if one does not set φ = 0. In this case it is convenient
to define a generalized connection ωˆ by
ωˆab = ωab − ηabφ . (4.12)
Note that ωˆab is no more antisymmetric, and hence does not take values in the Lorentz
algebra so(2, 1) ∼= sl(2,R), but in gl(2,R). Therefore, this connection is not metric, but
it is torsionless due to eq. (4.5),
dea + ωˆab ∧ eb = 0 .
This can be solved to give
ωˆabµ =
1
2
eaν(∂µe
b
ν − ∂νebµ) + 1
2
eaνebλ(∂λe
c
ν − ∂νecλ)ecµ ,
−1
2
ebν(∂µe
a
ν − ∂νeaµ) + eaνφν ebµ − ebνφν eaµ − ηabφµ . (4.13)
As before, we require ∇µeaν = 0, which yields
Γµνρ = ea
µωˆaνb e
b
ρ + ea
µ∂νe
a
ρ
= Γ˜µνρ + φ
µgνρ − φρ δµν − φν δµρ , (4.14)
where Γ˜µνρ denotes the Christoffel connection. Using (4.14), one obtains for the non-
metricity
∇µgνρ = 2gνρ φµ . (4.15)
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This is precisely the definition of a Weyl connection. Mathematically, a Weyl structure
on a manifoldM is defined by a pairW = (g, φ), where g and φ are a Riemannian metric
and a one-form on M, respectively. There exists then one and only one torsion-free
connection ∇, called the Weyl connection, such that (4.15) holds. Note that eq. (4.15)
expresses the compatibility of ∇ with the conformal class of g. It is invariant under
Weyl transformations
gµν → e2χgµν , φµ → φµ + ∂µχ , (4.16)
where χ ∈ C∞(M). Historically, the connection satisfying (4.15) was introduced by
Weyl in 1919 in an attempt to unify general relativity with electromagnetism [27].
We still have to interpret the equations (4.6), (4.7) and (4.8). (4.8) implies that
the antisymmetric part of λµν represents essentially the field strength of φ,
λ[µν] = −1
2
(∂µφν − ∂νφµ) ≡ −1
2
fµν . (4.17)
Let us denote the curvature two-form of the (metric, but not torsionless) connection ω
by R, i. e. , Rab = dωab + ωac ∧ ωcb. Note that the curvature of ωˆ splits as
Rab = dωˆab + ωˆac ∧ ωˆcb = Rab − ηabf .
Eq. (4.6) is then equivalent to
Rµνρσ = gµρλνσ + gνσλµρ − gµσλνρ − gνρλµσ , (4.18)
which yields
λµν = Rµν − 1
4
Rρρ gµν ,
with Rµν denoting the Ricci tensor. Thus, λµν represents again the Schouten tensor,
but the one constructed from the connection ω, which differs from the full Schouten
tensor associated to ωˆ by a piece proportional to the field strength fµν . Eq. (4.18)
expresses just the fact that in three dimensions the curvature is determined by the
Schouten tensor alone. Note that this is still true in presence of torsion, cf. appendix
A. Notice also that Rµνρσ is antisymmetric in its first two indices by virtue of the
metricity of ω, but that Rµνρσ 6= Rρσµν , because ω has nonvanishing torsion. Therefore
the Ricci tensor Rµν is in general not symmetric.
Finally, we come to eq. (4.7). Using ∇µeaν = 2φµeaν , one gets
∇µλνρ −∇ρλνµ = 0 . (4.19)
As λµν does not represent the full Schouten tensor constructed from the connection ωˆ,
this equation can not be interpreted as the vanishing of the Cotton two-form associated
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to the Weyl connection. If one so wishes, one can express λµν in terms of the full
Schouten tensor and the field strength f , and use the Bianchi identity for f to rewrite
(4.19) as
Cµρν = −∇νfµρ , (4.20)
where Cµρν denotes the Cotton two-form constructed from the Weyl connection ωˆ. For
zero “electromagnetic” field φ, (4.19) means that the spacetime is conformally flat.
Equation (4.20) resembles the relation
Cµρν = −1
4
gνρ∇λfλµ + 1
4
gνµ∇λfλρ − 3
2
∇νfµρ , (4.21)
that holds for Einstein-Weyl spaces [28], i. e. , manifolds with a Weyl connection for
which the symmetric part of the Ricci tensor is proportional to the metric,
R(µν) =
R
3
gµν . (4.22)
The meaning of (4.20) can be clarified using the expression [28]
Rµν = R˜µν −∇µφν + 2∇νφµ − gµνφλφλ + φµφν + gµν∇λφλ (4.23)
for the Ricci tensor Rµν of the Weyl connection in terms of the Ricci tensor R˜µν of
the Levi-Civita connection (not to be confused with Rµν), the one-form φ and its
derivatives. Plugging (4.23) into (4.20) yields
∇˜µL˜νρ − ∇˜ρL˜νµ = 0 , (4.24)
where ∇˜ denotes the Levi-Civita connection and L˜µν = R˜µν − R˜4 gµν . Eq. (4.24) means
that, in terms of Riemannian data, spacetime is conformally flat, so that we have a
Weyl structure defined on a conformally flat manifold.
The above results can also be understood from the point of view of gauge trans-
formations: It is clear that, at least for an invertible triad, our model must be gauge-
equivalent to conformal gravity, i. e. , to the theory with φµ = 0. This means that there
must be gauge transformations that take any solution of our theory to a conformally
flat metric. Under a general gauge transformation g the connection changes according
to
A′ = g−1Ag + g−1dg . (4.25)
For a special conformal transformation, g = exp(−σaKa), (4.25) leads to
φ′µ = φµ − eaµσa .
This vanishes if we choose σa = ea
µφµ, which is always possible for an invertible triad.
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We conclude this section by noting that the similarity of (4.20) with equation (4.21),
valid for Einstein-Weyl spaces, suggests that there might be a relationship between the
Einstein-Weyl equations and the Chern-Simons action for the conformal group. Note
in this context that it is not known if the Einstein-Weyl equations follow from an action
principle, but it was conjectured in [28] that if such an action exists, it might be related
to gravitational Chern-Simons forms. It would be interesting to explore this direction
further.
5. Metric affine gravity from SL(4,R) Chern-Simons theory
In the preceeding section we saw how to get Weyl structures from Chern-Simons theory.
The Weyl connection is a particular case of a nonmetric connection, where only the
trace part is present. One might ask whether it is possible to write a more general
metric affine gravity model as a Chern-Simons theory. We will shew in this section
that this is indeed possible. As was explained in section 2, in metric affine gravity,
the Poincare´ group ISO(2, 1) is replaced by the affine group A(3,R) ∼= GL(3,R) ⋉ R3.
In attempting to write a CS action for the affine group, one encounters the problem
that the Lie algebra a(3,R) is neither reductive nor is it the double extension of some
reductive Lie algebra, and therefore it does not admit an Ad-invariant, nondegenerate
quadratic form5. A way out of this is to embed the affine group in some slightly larger
group that is semisimple. The most obvious thing one can do is to consider the group
SL(4,R), which contains A(3,R). Let us denote the generators of SL(4,R) by LAB,
A = 0, . . . , 3, satisfying ηABLAB = 0, with (η
AB) = diag(−1, 1, 1, 1). They obey the
commutation relations
[LAB, LCD] = ηADLCB − ηCBLAD .
Now split the generators into Lab, L3a ≡ Pa and La3 ≡ Ka, where a = 0, 1, 2. In this
way one obtains
[Lab, Lcd] = ηad Lcb − ηcb Lad ,
[Lab, Pc] = ηacPb , [Lab, Kc] = −ηbcKa ,
[Ka, Pb] = −Lab − ηcdLcd ηab , (5.1)
[Pa, Pb] = [Ka, Kb] = 0 .
We see that Lab and Pc generate the subgroup A(3,R). The chosen decomposition
corresponds to rewriting the algebra sl(4,R) as the graded algebra a⋆ = R3⊕gl(3,R)⊕
5In fact it is straightforward to show explicitely that any Ad-invariant quadratic form on a(3,R)
is necessarily degenerate.
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R
3⋆. Although this seemingly looks like a generalization of the conformal algebra, with
so(2, 1) replaced by gl(3,R), one cannot identify the Ka with the generators of special
conformal transformations. In fact, SL(4,R) does not contain the conformal group
SO(3, 2) as a subgroup6.
Since SL(4,R) is simple, it possesses (up to normalization) a unique gauge-invariant
bilinearform, given by
〈Lab, Lcd〉 = ηadηbc − 1
4
ηabηcd , 〈Pa, Kb〉 = ηab ,
〈Lab, Pc〉 = 〈Lab, Kc〉 = 0 , 〈Pa, Pb〉 = 〈Ka, Kb〉 = 0 . (5.2)
Let us decompose the connection according to
A = σbaLab + e
aPa + λ
aKa , (5.3)
where we wish to interpret σab as a gl(3,R)-valued connection and ea as the dreibein.
The physical significance of λa will become clear later. The generator of infinitesimal
gauge transformations is a Lie-algebra valued zero-form,
u = τ baLab + ρ
aPa + ς
aKa .
The variation of the gauge field A under a gauge transformation generated by u is
δA = −du− [A, u] .
This means that the component fields transform as
δσba = −dτ ba − (σbcτ ca − τ bcσca)− (ebςa + ecςcηba) + (λaρb + λcρcηba) , (5.4)
δea = −dρa + τabeb − σabρb , (5.5)
δλa = −dςa − λbτba + ςbσba . (5.6)
With (5.3), the Chern-Simons action becomes
ICS =
∫ (
σab ∧ dσba + 2
3
σab ∧ σbc ∧ σca − 1
4
σ ∧ dσ
+ea ∧ dλa + λa ∧ dea + 2λa ∧ σab ∧ eb
)
, (5.7)
with σ ≡ σaa. The equations of motion following from (5.7) read
dea + σab ∧ eb = 0 , (5.8)
dλa − σba ∧ λb = 0 , (5.9)
dσab + σac ∧ σcb = −ea ∧ λb − ec ∧ λc ηab . (5.10)
6Cf. footnote 11 of [8].
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Eq. (5.8) means that the torsion vanishes, T a = 0. Defining
ωab ≡ σ[ab] , Qab ≡ 2σ(ab) ,
one can use (5.8) and (2.13) to obtain
Γρµν = Γ˜
ρ
µν +
1
2
(Qρµν +Q
ρ
νµ −Q ρµ ν) , (5.11)
where Γ˜ρµν denotes the Levi-Civita connection and Q
ρ
µν is given by
Qρµν = ea
ρQaµ ce
c
ν .
One easily verifies that Qνρµ = Qµρν , and thus Γ
ρ
νµ = Γ
ρ
µν , which is of course a
consequence of vanishing torsion. Using (5.11), one obtains for the covariant derivative
of the metric,
∇µgνλ = −Qλµν ,
so that Qλµν represents the nonmetricity. Note that we also have ∇µeaν = −ebνQbµ a.
Using this and the definition λµν = eaµλ
a
ν , eq. (5.9) is seen to be equivalent to
∇µλαν −∇νλαµ = 0 , (5.12)
whose deeper meaning will become clear below.
We finally come to eq. (5.10). The curvature two-form is defined by
Rab = dσab + σac ∧ σcb . (5.13)
Notice that in metric affine gravity, both the antisymmetry in the first two indices, and
the block symmetry Rαβµν = Rµναβ of the curvature tensor are lost. This is the reason
why one can define two different Ricci tensors Rµν and Sµν (cf. appendix A). (5.10)
yields
Rαβµν = −gαµλβν + gανλβµ − gαβλµν + gαβλνµ , (5.14)
and thus
Rµν ≡ Rαµαν = λνµ − 3λµν ,
Sµν ≡ R αµ να = −λνµ + 2λµν − gµνλρρ , (5.15)
from which we get
λµν = −(Rµν − R
4
gµν + Sµν − S
4
gµν) . (5.16)
Therefore, λµν represents the sum of the two Schouten tensors constructed from Rµν
and Sµν . Eq. (5.12) means then that the sum of the two Cotton two-forms that one
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can construct, must vanish. (5.12) is thus a direct generalization of the field equation
of conformal gravity. The antisymmetric part of (5.14) yields
R[αβ]µν =
1
2
(−gαµλβν + gβµλαν + gανλβµ − gβνλαµ) , (5.17)
which means that the antisymmetrized curvature is given in terms of the sum of the two
Schouten tensors alone. This is in fact nothing else than the irreducible decomposition
of R[αβ]µν under the Lorentz group (cf. appendix A), which comes out here as a field
equation.
We still have to interpret the symmetric part of (5.14),
R(αβ)µν =
1
2
(∇µQανβ −∇νQαµβ)
= −1
2
(gαµλβν + gβµλαν − gανλβµ − gβνλαµ)− gαβ(λµν − λνµ) . (5.18)
In arbitrary dimension, the irreducible decomposition of R(αβ)µν ≡ Zαβµν under the
Lorentz group involves five pieces (i)Zαβµν , i = 1, . . . , 5, with
(2)Z vanishing identically
in three dimensions [8]. Comparing the remaining four pieces given in appendix A with
the decomposition (5.18) implied by the field equations, we get
(1)Zαβµν = 0 ,
∆µν = −5
3
λ[µν] ,
Ξµν =
1
2
gµνλ
ρ
ρ − 3
2
λ(µν) ,
(4)Zαβµν = −8
3
gαβλ[µν] . (5.19)
A priori, the symmetric part of the curvature has 18 independent components in three
dimensions, but the field equation (5.18) tells us that seven of them must vanish ((1)Z =
0), and that the remaining ones are determined completely by the antisymmetric and
the symmetric traceless part of the Schouten tensor λµν , that determines also the
antisymmetric part of the curvature. Eqns. (5.12) and (5.18) are the only remaining
equations for the metric gµν and the nonmetricity Qλµν .
5.1 Simple solutions
A simple solution of these equations can be obtained by setting Qλµν = 0. Then the
connection reduces to the Christoffel connection. Furthermore, Rµν = Sµν , and λµν
becomes symmetric. In this case, eq. (5.18) is satisfied iff λµν =
1
3
λρρ gµν , which implies
Rµν =
R
3
gµν , (5.20)
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i. e. , the manifold is Einstein. For vanishing nonmetricity, we recover therefore general
relativity. Note that the cosmological constant appears here as an integration con-
stant, and not as an input. Notice also that eq. (5.12) is then identically satisfied,
since in three dimensions every Einstein space is conformally flat, and thus the Cotton
two-form vanishes. The fact that the cosmological constant is no more an external
input can be seen also from a group-theoretic point of view. The assumption of vanish-
ing nonmetricity selects the Lorentz generators from the gl(3,R) generators, reducing
therefore gl(3,R) to so(2, 1). The equations of motion imply that λa is proportional to
the dreibein,
λa =
λ
3
ea , (5.21)
with λ ≡ λρρ. Introducing the Lorentz generators Jab = −2L[ab], the connection be-
comes
A =
1
2
ωabJab + e
a
(
Pa +
λ
3
Ka
)
, (5.22)
so that the new translation generators are given by
Πa = Pa +
λ
3
Ka . (5.23)
The Jab and Πa obey the algebra
[Jab, Jcd] = ηadJbc + ηbcJad − ηacJbd − ηbdJac ,
[Jab,Πc] = ηbcΠa − ηacΠb , (5.24)
[Πa,Πb] =
λ
3
Jab .
Depending on the sign of λ this is the algebra so(3, 1) (λ < 0), so(2, 2) (λ > 0) or
iso(2, 1) (λ = 0), generated by the isometries of de Sitter, anti-de Sitter or Minkowski
spacetimes respectively, and the cosmological constant is given by Λ = −λ/3. An
interesting observation is that these solutions enjoy a duality symmetry exchanging ea
and λa and relating large and small cosmological constants. To be more precise, if we
act with the discrete transformation ea 7→ λa, λa 7→ ea, we obtain a new Einstein space
solving the model with a cosmological constant 1/Λ.
As a slight generalization let us consider the case when the nonmetricity has only
a trace part, i. e.
Qλµν = −2gλνφµ .
This leads to
∇µgνλ = 2gνλφµ , (5.25)
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so that ∇ is a Weyl connection. If we define F = dφ, eq. (5.18) yields
gαβFµν =
1
2
(gαµλβν + gβµλαν − gανλβµ − gβνλαµ) + gαβ(λµν − λνµ) . (5.26)
Contracting with gβµ and taking the symmetric part, one obtains
λ(αν) =
1
3
λgαν . (5.27)
Using this in (5.15) we get
R(µν) = S(µν) = −2
3
λgµν , (5.28)
which means that we have an Einstein-Weyl structure (cf. e. g. [10]). The antisymmetric
part yields
λ[αν] =
2
7
Fαν . (5.29)
Inserting (5.27) and (5.29) in (5.26) and contracting with gαβ leads to F = 0, so that
φ is pure gauge, φ = dχ locally. This pure gauge nonmetricity can be eliminated by
conformally rescaling
gµν → gˆµν = e−2χgµν .
The new metric gˆ satisfies then the same equations as in the case Q = 0, i. e. , it is an
Einstein metric. g is thus conformally Einstein.
5.2 Partial gauge fixing
As was explained in section 2, the symmetry group that is gauged in metric affine gravity
is the affine group A(3,R). On the other hand, our model has the larger symmetry
group SL(4,R). In order to interpret the Chern-Simons theory considered above as a
model of metric affine gravity, we have to gauge fix the additional symmetries, in the
same way in which Horne and Witten gauge fixed the special conformal symmetries
of the SO(3, 2) CS theory considered in the previous section. We first show that one
can use the additional symmetries generated by the Ka to set the trace part of the
connection σab to zero. (5.4) yields for the variation of the trace part under a gauge
transformation
δ(σbaηba) = −d(τ baηba)− 4ςaea + 4λaρa . (5.30)
This shows that for an invertible triad, the ςa gauge invariance is precisely sufficient
to set σbaηba = 0. Furthermore, eq. (5.5) says that the triad is completely unchanged
by a ςa gauge transformation, so eaµ remains invertible in this new gauge. The gauge
transformations that preserve this gauge are given by the A(3,R) generators τab and
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ρa, but from (5.30) we see that we must compensate with a ςa transformation that is
determined entirely by the τab and the ρa according to
ςc = −1
4
ec
µ∂µ(τ
abηab) + ec
µλaµρa . (5.31)
Note that σaa = 0 implies Q
ν
µν = 0, and thus by (5.18) λ[µν] = 0, so the tensor λ is
symmetric in this gauge.
Next we show that the symmetries of the gauge fixed model consist of diffeomor-
phisms and local GL(3,R) transformations, as it should be for metric affine gravity. If
we set ρa = ςa = 0 in (5.4) - (5.6), the τab give a local GL(3,R) transformation. Local
diffeomorphisms are not apparent in the transformation laws. Under a diffeomorphism
generated by −vµ, the fields should transform as
δ˜eaµ = −vν(∂νeaµ − ∂µeaν)− ∂µ(vνeaν) ,
δ˜σabµ = −vν(∂νσabµ − ∂µσabν )− ∂µ(vνσabν ) , (5.32)
δ˜λaµ = −vν(∂νλaµ − ∂µλaν)− ∂µ(vνλaν) .
This should be a gauge transformation in our theory. If we make a gauge transformation
with gauge parameters ρa = vνeaν , τ
ab = vνσabν , ς
a = eaµλbµρb (as required by (5.31)),
this differs from the diffeomorphism by
δ˜eaµ − δeaµ = −vν(∂νeaµ − ∂µeaν + σaν cecµ − σaµ cecν) ,
δ˜σabµ − δσabµ = −vν
(
∂νσ
ab
µ − ∂µσabν − ebρλdρedνeaµ − λdµedνηab
+λbµe
a
ν + λcµe
c
νη
ab − σaµ dσdbν + σdbµ σaν d
)
, (5.33)
δ˜λaµ − δλaµ = −vν(∂νλaµ − ∂µλaν + σbaµ ebρλcρecν − λdµσdaν ) .
These differences vanish when the equations of motion (5.8), (5.9) and (5.10) hold,
and when λµν = λνµ, which is satisfied in the gauge σ
a
a = 0 that we use. Thus,
diffeomorphisms are gauge transformations on shell.
6. Conclusions
It is possible to geometrically extend general relativity in several ways, by allowing
torsion or nonmetricity in the theory. In this article, we focused on three spacetime
dimensions and showed how to write such generalized gravitational models as Chern-
Simons theories. Starting from the usual formulation of three-dimensional gravity and
using a non-standard decomposition of the Chern-Simons connection, we recovered
the Mielke-Baekler model for arbitrary sign of the effective cosmological constant by
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playing with the independent coupling constants admitted by the gauge group. In
such a way, we realized explicitly three-dimensional gravity with torsion as a Chern-
Simons theory. Then, we turned to torsionless but nonmetric gravitational models. The
simplest example is obtained by allowing only the trace part of the nonmetricity. This
is Weyl’s gravity, and we proved its equivalence with the SO(3, 2) Chern-Simons theory
describing conformal gravity. Finally, we obtained a gravitational theory with more
general nonmetricity by embedding the affine group A(3,R) in the special linear group
SL(4,R) and writing a Chern-Simons action for the latter. It would be interesting to see
whether it is possible to obtain a gravitational theory incorporating both nonmetricity
and torsion from a Chern-Simons theory.
These gravitational models in reduced dimensionality are interesting because their
integrability allows to investigate important theoretical questions linked to the grav-
itational force. For instance, we already mentioned the asymptotic dynamics of the
MB model in the Λeff < 0 case, which deserves further analysis to identify the corre-
sponding dual field theory. This, in turn, would give the opportunity to understand
the statistical mechanics of the Riemann-Cartan black hole.
Another important issue in theories where torsion and/or nonmetricity are present,
is the coupling with external matter. This is particularly problematic with generic non-
metricity, since the concept of light-cone, and hence of causality, ceases to be invariant.
However, in the Chern-Simons models of gravity under consideration, one can easily
write down an invariant action for a particle propagating on the backgrounds they
generate as a Wess-Zumino functional [29],
Sp =
∫
dτ
〈
K, g−1∂τg
〉
, (6.1)
where K is a constant element of the algebra, encoding the geometric properties of the
particle (mass, spin, etc. ) and g(τ) is an orbit of the gauge group of the gravitational
theory under consideration. This formulation has the advantage to provide straightfor-
wardly a symplectic form for the Hamiltonian description of the theory, which can be
used to quantize the particle in a coordinate independent way. The analysis of such sys-
tems would allow to define new intrinsic properties of the particles, analogous to mass
and spin, but corresponding to the additional generators of the gauge group. Hopefully,
this could provide some insight into the interpretation of metric affine theories, even in
higher dimensional cases.
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A. Decomposition of curvature in metric affine gravity
In this section we briefly summarize the irreducible decomposition of the curvature
under the Lorentz group, given in [8]. Thereby, we specialize to three dimensions.
Let us first consider the antisymmetric part of the curvature. One easily shows
that
ǫγ
αβRαβµνǫ
µν
ρ = 2Rργ −Rgργ + 2Sργ − S gργ , (A.1)
where
Rµν = R
α
µαν , Sµν = R
α
µ να , R = R
µ
µ , S = S
µ
µ = R . (A.2)
Note that in metric affine gravity, the Riemann tensor is no more symmetric in the
first two indices, so that one can define two different Ricci tensors Rµν and Sµν , that in
general are not symmetric. (For vanishing nonmetricity, but nonzero torsion, one has
R(αβ)µν = 0, so that the two Ricci tensors coincide. However, since Rαβµν 6= Rµναβ , the
Ricci tensor is not symmetric). Contracting (A.1) with ǫλσ
γǫρτη yields
R[σλ]ητ =
1
2
(gσηLλτ + gλτLση − gστLλη − gληLστ ) , (A.3)
where Lµν denotes the sum of the two Schouten tensors built from Rµν and Sµν ,
Lµν = Rµν − R
4
gµν + Sµν − S
4
gµν . (A.4)
One can of course further decompose (A.3) into three pieces corresponding to the
antisymmetric, symmetric trace-free, and trace part of the sum of the two Ricci tensors
[8].
In order to decompose the symmetric part R(αβ)µν ≡ Zαβµν of the curvature, one
first splits Z into a traceless and a trace part,
Zαβµν = zαβµν +
1
3
gαβZ
γ
γµν .
Then one gets [8]
Zαβµν =
(1)Zαβµν +
(2)Zαβµν +
(3)Zαβµν +
(4)Zαβµν +
(5)Zαβµν , (A.5)
– 23 –
with (2)Z identically vanishing in three dimensions and
(3)Zαβµν =
3
10
(gαµ∆βν − gαν ∆βµ + gβµ∆αν − gβν ∆αµ)− 2
5
gαβ ∆µν ,
(4)Zαβµν =
1
3
gαβZ
γ
γµν ,
(5)Zαβµν =
1
3
(gαµ Ξβν − gαν Ξβµ + gβµ Ξαν − gβν Ξαµ) ,
(1)Zαβµν = Zαβµν − (3)Zαβµν − (4)Zαβµν − (5)Zαβµν , (A.6)
where
∆µν = z
α
µ αν − z αν αµ , Ξµν =
1
2
(z αµ αν + z
α
ν αµ) .
In three dimensions, Zαβµν has 18 independent components, and (A.5) corresponds to
the decomposition 18 = 7 + 0 + 3 + 3 + 5.
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